We consider two Dirichlet p-branes with lower dimensional brane charges and their scattering. We first calculate the cylinder amplitude of open string with suitable boundary conditions. We compare this result with that in the IIB matrix model. We find the agreement between them in the long distance, low velocity, or large field limit. We also find a way to investigate more general boundary conditions for open string.
Introduction
paper, the boundary condition for the world sheet fermion is defined by the super transformation of the bosonic one. Then we perform a calculation using the proper time representation of the amplitude. To compare the result with that of the matrix model, we choose the leading term in three independent expansions in terms of parameters, in the long distance (b ≫ α ′ ) case where b is the distance between two D-branes, in the low velocity case, or in the large gauge field strength case.
In section 4, we consider the amplitude in the IKKT matrix model with a brief review in our notations.
In section 5, we compare the amplitudes in the two models and identify the field strength F in string theory with the value F M of the commutator in the matrix model, in such a way that det (η + F )F M = −1 where η is the target space metric. Then we find that the amplitudes in the two models are precisely the same when b is large for arbitrary v, F , v is small for arbitrary b, F , or F is large for arbitrary b, v. when the distance between the two Dp-branes is large for arbitrary velocity v.
In section 6, there are conclusions and discussions. In Appendices, we explain a general method to study the open string boundary condition which is any linear combinations of Neumann and Dirichlet boundary conditions. Some detailed calculations are also explained there.
physical situation
Dp-brane Dp-brane
First, we consider two flat identical D-branes with the same world volume dimensions in the D = 10 dimensional Minkowski space-time whose coordinates are written as X 0 , · · · , X D−1 . We restrict the world volume dimension: (p + 1) to be even because we consider the IIB string theory. We locate them spatially parallel to each other in the D dimensional Minkowski space-time. We call the common directions of the two Dp-branes 1, · · · p, where the world volumes of the Dp-branes are infinitely extended. We set two Dp-branes to have relative velocity, 2v, in the (p + 1)-th direction. We set the coordinates' value of the p + 2, · · · , (D − 2)-th directions of the two Dp-branes to be 0 and locate them separately in the (D − 1)-th direction by the distance b. We restrict v and b to be positive constant in this paper. 2 Dp-brane-Dp-brane scattering for bosonic part
1-loop 2-loop Tree
We would like to calculate the scattering amplitude, that is the effective action. To calculate the amplitude, we have to obtain the propagators in space-time, in another word, the normal ordered Hamiltonian with the correct zero point energy. Therefore, in the following part in this section we define a normal ordering, construct Virasoro operators, and find a physical state condition. Let us start with the following world sheet action of open string. We can rewrite the action as follows.
S bosonic = {terms whose deformation vanishes with free equations of motion} + S boundary ,
where
To get free equations of motion, we require
3 In this paper, the indices run as follows:
· · · in the pure Neumann and pure Dirichlet directions a, b = 0, 1 · · · the meaning depends on the situations Namely,
In this subsection, we consider p = 1 case to understand how to treat the non trivial boundary conditions. First, imagine a pure (with no gauge field) D-string moving in the 2-nd direction with the constant velocity v. Its coordinates are restricted as
it is equivalent to
This is a Dirichlet boundary condition. Second, in order to introduce gauge field on the world sheet of the D-string, look at it from the proper time coordinate: X in the following way.
so that
The boundary condition in this coordinate is, because of Lorentz invariance,
on each end. To consider D-string, we impose the following conditions.
We consider the following constant field strength of the gauge field.
where F αβ is the same in each brane since we are considering identical branes. Now, the boundary condition is
14)
on each end. We can rewrite the boundary condition as
By using the fact that 
where we decomposed the coordinate functions by using the equations of motion
Then finally, we can get the following formula for the boundary condition in the original coordinate flame: 4 We sometimes omit indices. Eq. (2.17) means
mode expansions for general boundary conditions
We can treat general boundary condition with two Dp-branes as follows.
where M andM are any SO(D − 1, 1) matrices. In this section, we proceed in this general case for a while, and sometimes come back to our special case: two identical parallel Dp-branes' scattering. Next, we have to perform mode expansions of the coordinate functions which satisfy the above boundary condition. The result is as follows.
is restricted to be diagonalizable. x is the integration constant for τ and σ, which may depend on α m 's.
quantization
We perform the canonical quantization by applying the canonical commutation relations to the coordinates and their conjugate momenta. The only non-zero commutation relations are,
We can get the commutation relations between modes from eq. (2.23).
The results are Note that the component of the matrix M in the pure Neumann or pure Dirichlet direction are 1 or −1, respectively. We can rewrite these relations as a more convenient form 7 8 9 .
[α m ,
31)
32)
In equations (2.28)-(2.33), matrices T , S, N and C m are defined by M and E in the appendix B. In the case of two identical parallel Dp-brane scattering, the commutation relations are as follows 
7 See Appendix B. We would like to have complete pairs of canonical variables and their conjugate momenta with one to one correspondence, by transforming (x, αm) → (x,αm). 8 In this section and appendix B, we write any matrices A as:
where the dimension of the square matrix A 11 is defined to be equal to the rank of E. 9 t means transpose.
In eq. (2.35)
are the components of the U(1) gauge field strength: 
definition of the vacuum
We consider two identical parallel Dp-branes scattering here. To define normal ordered operators, for instance, Virasoro operators, we identify the creation and the annihilation operators with respect to the vacuum. Since ǫ = 0, the commutation relations for the modes include the following unusual relation as compared with the case of pure Neumann or pure Dirichlet. 
Virasoro algebra
We define the energy momentum tensor as
where S bosonic is the action in eq. (2.1) before the conformal gauge is chosen. We introduce the holomorphic energy momentum tensor, If we define
This is the same form with the simpler boundary conditions. Virasoro operators are defined by
Now we can find the Virasoro algebra:
Note that the physical state condition by L 0 is different from the usual one, namely
where : : means the normal ordering defined in the previous subsection and c is the intercept, which is 1 in the bosonic open string theory. Now we can calculate the one loop scattering amplitude for bosonic string. The formula is [10] A bosonic = − ln det
However we do not calculate this and we consider the superstring case in the next section.
3 Dp-brane-Dp-brane scattering in superstring theory
In this section we consider supersymmetric case. Let us introduce super partners for dynamical variables X in the previous section. We choose RNS formalism in this paper and introduce fermion variable ψ in the world sheet. In the super conformal gauge, the total action is
where ± correspond to σ = 0 and σ = π, respectively and
In eq. (3.2), F defined in eq. (2.36) is a field strength on D-branes world volume and is set to be constant. Since we are considering identical branes, F is the same in each brane. Λ v is a Lorentz boost matrix with the velocity v in the (p + 1)-th direction. Since the spinor is written as follows
the world sheet global supersymmetry is expressed as
5)
11 Our convention of two dimensional Dirac matrix is
where ǫ susy is independent of τ ,σ and
Due to the existence of the boundary (i.e. D-brane), there is only one parameter for supersymmetry.
boundary condition
As in bosonic case, in order to get free equations of motion, we require
or represent equivalently as
In the proper time coordinate frame of D-branes, we impose the following boundary conditions for bosons and fermions at the both ends.
In the original frame, that is
. (3.11) 12 We determine boundary conditions for fermions as follows. If the boundary condition for bosons is
from eq. (3.8) as in the section 2, then we transform this by the supersymmetry and get the following equation.
By using the equations of motion for fermions: ∂ ± ψ a R L = 0, we get ∂τ ψ a L − M ψ a R = 0. Then we impose the following boundary condition for fermions. In eq. (3.11),
12)
where m 1 , · · · , m p+1 2 are 2×2 matrices which are defined in the previous section.
mode expansion
We can find the mode expansions for X and ψ to satisfy the above boundary condition as follows.
which is diagonalizable.
quantization
We can find that the commutation relations for fermionic modes d are the usual type:
and bosonic commutators is as in the previous section:
Eq. (3.19) is rewritten as eq. (2.34). The ghost part is the same as usual because the boundary condition does not change it.
Virasoro algebra
The energy momentum tensor is
If we define a shifted energy momentum tensor as
then we get
This form is of usual type.
physical state condition
Virasoro operators are defined by
Note that the physical state condition by L 0 is different from the usual one because energy momentum tensor T which satisfies the correct operator product expansions is shifted from T as eq. (3.21). That is,
We further define
where b, c, β, and γ are the standard ghosts. The normal ordering procedure in eq. (3.26), is found by eq. (2.38).
scattering amplitude
We calculate the scattering amplitude for two Dp-branes, namely, the one loop amplitude of open string whose ends are attached on the Dp-branes. The one loop amplitude can be expressed by the following proper time (t) integral of the exponentiated Hamiltonian, which annihilate the physical state. It is gotten in the previous subsection, that is L 0 with the correct constant shift. The shift can be found by imposing the physical state condition in the previous subsection. Therefore we use L a 0 as Hamiltonian. The integral region is from 0 to ∞ because of cylinder [9] . Since we are choosing the NSR formalism, we have to sum over the spin structures which have 2 × 2 = 4 combinations because of the cylinder amplitude. The formula of the amplitude is [10] A string = − ln det
where F = F d + F β,γ is the fermion number operator, the summation is done over the spin structures which consist of GSO projection (b = 0, 1) and the summation of NS (a = 0) and R (a = 1) sectors. C a b are their weights: where the factor 2 is caused by the sum of the configurations of the exchanged ends of open string. Therefore
We calculate these traces as follows.
In the above equations, the zero mode integral 14 can be done by using the relation between p i andα i obtained in the previous section. The result can be expressed as follows by using Jacobi's theta functions:
Vp is the space volume of a Dp-brane. See appendix B and see also Ref. [9] . 15 The definition and some properties are in an appendix in Ref. [11] .
Therefore we can find the scattering amplitude eq. (3.30) as
Using Jacobi identity:
and the property of the theta function under the modular transformation:
we can further simplify the amplitude eq. (3.41) as
4 Dp-brane-Dp-brane scattering in IIB matrix model
In this section, with our notation, we briefly review the calculation of the brane scattering amplitude in the IIB matrix model [3] . In this model, dynamical variables are "coordinates" represented by N × N matrices and N is assumed to be infinitely large. The action is
The classical equations of motions for X µ from this action are
which has the solutions that may be representing D-branes. In our situation: two identical parallel p-branes moving with relative velocity 2v, the following classical configuration is suitable [3] .
where X (I) are 
, all other commutator = 0 , (4.4) 5) in order to describe p-branes.
Since we are considering identical branes, F M is independent of I = 1, 2. The right hand side of eq. (4.4) is proportional to the identical matrix. To satisfy the eq. (4.4), we use p+1 2 pairs of matrices (q l , p l ) with large enough dimensions.
Next, for the first and second branes, we perform the boost with velocity v and
Conclusions and Discussions
In this paper, we have considered two identical p-branes and compared their scattering amplitudes in the IIB string theory and the IIB matrix model. Here the p-brane has the lower brane charges in the various ways. That is, in the context of the string theory, there are arbitrary constant electromagnetic field strength F on the p-brane world volume. On the other hand, in the context of the matrix model, there are various values (F M ) of the commutators among brane coordinates. Based on the matrix model, we should calculate the amplitude around the classical back-ground of the two body system of p-branes. However we have only the amplitude in the one loop level. The loop expansion is assumed to be the low energy expansion. Therefore the corresponding value based on the string theory is a cylinder diagram in the low energy limit, which is attached on the nontrivial background. It means the one loop calculation of open string with the corresponding boundary condition. After we have performed the low energy expansion that is the long distance expansion or small velocity expansion in each model, or small f M 1 expansion in IIB matrix model and large |f 1 | expansion in IIB string theory. the leading terms of the amplitudes are found to be the same precisely if we identify det (η + F )F M = −1. When all f M l s are the same and f l = 0 in the all world volume directions, our result reproduces that in Ref. [3] . When f M l ≪ 1, our result reproduces that in Ref [5, 12] . Note that we have performed these expansions of three parameters independently. In this paper, we have obtained a clear correspondence between the IIB string theory and its IIB matrix model in the near BPS configuration: D-brane scattering. Since we also find a way to study general boundary conditions we can calculate various configurations of two body systems of branes. For example, Dp-brane and Dq-brane case for p = q with different lower dimensional brane charges and with arbitrary angles. We can also consider the relation between IIA string theory and matrix model for M-theory [13] . Our next task is to clarify the correspondence for objects which are far from BPS. If there is no agreement between string theory and matrix model for such cases, we may need to look for a better (matrix) model.
Appendix A
In this appendix, we get commutation relations between modes' α m 's and x, namely, equations (2.25)-(2.27). The mode expansion for the coordinate shown in eq. (2.21) is
To use eq. (A.1) not only in the region (0 ≤ σ ≤ π) but also in the region (−π ≤ σ ≤ π), we define extended variables in the following.
Then we get useful commutation relations as follows.
Since we can write
we get the commutation relation between α m 's as follows.
[
Since we find that the last term in the eq. (A.5) is zero, the commutator is
The integrand in eq. (A.6) is
because of M andM being SO(D − 1, 1) matrices. Therefore we get
We consider the following commutator
we rewrite the commutator as
After integrating { e i(m+iE)ρ × eq. (A.13) } by ρ from τ − π to τ + π, we get
(A.15)
We find
(A.18) Therefore we get
Appendix B
In this appendix, we rewrite the commutation relations between the modes in a more convenient form and apply the formula to our case. Namely, we derive equations (2.28)-(2.30). We recall equations (2.25)-(2.27):
We would like to find the conjugate pairs for the modes. Our strategy is to transform the each right-hand side of equations (B.1) to become the following form, respectively. * 0 0 m ,
B.1 T First, we would like to diagonalize the matrix E by transforming α m by a matrix Tα
3) We assume that the determinant of the matrix N 22 is not zero. If not the case, we replace N 22 by its sub-matrix whose determinant is not zero. We define the momenta p i :
where the number of the independent momenta is determined by the rank of N 22 . i is the index in the momentum space. Then x i , p j = iδ ij .
(B.26)
18 If matrix S is not η-othogonal matrix, we must find the momentum for x notx.
Now the trace of the zero mode in the phase space is defined as
where L i is a length of the area where X i covers [9] .
B.6 two identical parallel D-branes case
We can find as follows after straight forward calculation 
